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Abstract—Recent study presents a fundamental limit of the RSS fingerprinting based indoor localization. In this paper, we theoretically

show that the temporal correlation of the RSS can further improve accuracy of the fingerprinting localization. In particular, we construct

a theoretical framework to evaluate how the temporal correlation of the RSS can influence reliability of location estimation, which is

based on a newly proposed radio propagation model considering the time-varying property of signals fromWi-Fi APs. The framework is

then applied to analyze localization in the one-dimensional physical space, which reveals the fundamental reason why localization

performance can be improved by leveraging temporal correlation of the RSS. We extend our analysis to high-dimensional scenarios

and mathematically depict the boundaries in the RSS sample space, which distinguish one physical location from another. Moreover,

we develop an algorithm to utilize temporal correlation of the RSS to improve the location estimation accuracy, where the process for

choosing key design parameters are provided through experiments. Experiment results show that the localization reliability and

accuracy can be improved by up to 13 and 30 percent with appropriate leveraging the RSS temporal correlation information.

Index Terms—Fingerpringting, localization, temporal correlation

Ç

1 INTRODUCTION

INDOOR localization based on RSS fingerprinting approach
has been attracting many research efforts in the past deca-

des, where the basic idea is to first construct RSS finger-
prints database during the training phase, and then perform
location estimation by matching the user’s reported finger-
prints in the database during the localization phase [1].
Indoor localization systems based on the approach have
been developed with different flavors. Embedded sensors
of mobile devices are exploited to improve accuracy of the
location estimation [2], [3], crowdsourcing paradigm is
used to reduce the cost of site survey in the training phase
[4], and machine learning algorithms are leveraged to
shorten the delay of localization process [5], [6], [7].

The spring-up of RSS fingerprinting based indoor locali-
zation systems promotes efforts to study performance
bounds of such systems both empirically and theoretically.
Empirical studies evaluate performance of localization sys-
tems with comprehensive experiments. Liu et al. present
their experimental results showing that the location

estimation error could be over 6 m [2]. Chandrasekaran
et al. provide empirical quantification of accuracy limits of
RSS localization, which is based on extensive experimental
results conducted over a uniform testbed [8]. Such results
could be helpful references for system implementation but
hardly provide insight into the RSS fingerprinting
approach. Some theoretical studies about localization per-
formance bound are based on Cram�er-Rao Bound (CRB)
analysis [9], [10], [11]; the framework is based on the Log-
Distance Path Loss (LDPL) radio propagation model [1], [8],
which however has been proved inaccurate in the indoor
localization scenarios [12].

Recently, Wen et al. present a theoretical investigation on
RSS fingerprinting based indoor localization, which reveals
fundamental limits of the localization methodology [13].
Specifically, the work derives a close-form expression for
calculating the probability that a user can be correctly local-
ized in a region of certain size, which is termed as localiza-
tion reliability. The basic idea of the derivation is to build a
probability space induced from RSS samples obtained from
the training stage. The location determination process can
be regarded as a mapping from the sample space to the
physical space; therefore, the probability a user can be cor-
rectly localized in a certain region is equal to the probability
that certain outcomes of RSS measurements appear, so that
the localization system can determine the user’s location to
be in the region. As highly accurate indoor localization is
essential to enable many location based services, a natural
question to ask is: can we further improve the performance
of the localization scheme fundamentally?

In this paper, we show that the temporal correlation of the
RSS can improve accuracy of RSS fingerprinting based indoor
localization. We first construct a theoretical framework to
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analyze how the temporal correlation of the RSS can influence
the accuracy of location estimation, which is based on a newly
proposed radio propagation model considering the time-
varying property of signals from a given Wi-Fi AP. Based on
such a model, we build a new sample space from the training
phase, where each outcome in the space is extended with a
new temporal dimension (Section 3).

We then apply the theoretical framework to analyze the
localization process in the one-dimensional physical space,
which reveals the fundamental reason why performance of
localization can be improved by leveraging temporal corre-
lation of the RSS. An interesting finding is that: the bound-
ary in the sample space used to distinguish one physical
location from another, in fact should be one edge of hyper-
bola, instead of a line as believed in most of the work in the
literature; moreover, we find that the curvature of the
hyperbola is related to the correlation of the RSS in the sam-
ple space. (Section 4) Such finding can fundamentally
improve accuracy of location estimation of the RSS finger-
printing based system.

We extend our analysis to high-dimensional scenarios,
where high temporal and sample space dimensions, and
two-dimensional physical space are taken into account. The
major challenge for the high-dimensional case is to deal
with the complicated relationship between the location in
the physical space and the corresponding temporal correla-
tion of the RSS in the sample space. We propose to approxi-
mate the covariance matrix of the RSS in a location with a
simplified matrix, which enables finding the boundaries
that are asymptotically equivalent to the original ones. We
then mathematically depict the boundaries in the sample
space that distinguish the one physical space from another
in the high temporal, sample space and physical space
dimensions (Section 5).

Further, we develop an algorithm to improve perfor-
mance of the location estimation utilizing temporal correla-
tion of the RSS. The basic idea is using the mean of the RSS
to find a list of candidate locations the user could be cur-
rently at, and then leveraging the temporal correlation to
choose the best estimaton on the list. We conduct experi-
ments to show the feasibility of the algorithm and choose
key design parameters for the algorithm (Section 6). We
also apply the algorithm in the practical location estimation
process, and the results show that the localization reliability
and accuracy can be improved by up to 13 and 30 percent
respectively with appropriate leveraging the RSS temporal
correlation information (Section 7). Due to the limitation of
the space, we put some detailed theoretical derivation and
experimental results in our technical report [15].

2 RELATED WORK

2.1 Fundamental Limits of RSS Fingerprinting
Approach

Wen et al. present a theoretical investigation on RSS finger-
printing based indoor localization, which reveals funda-
mental limits of the localization methodology [13].
Specifically, if a user’s real location is at Q, a close-form
expression of the probability R that the user can be localized
in the d neighborhood of Q could be derived, where d and R
are used to benchmark localization accuracy and reliability,
respectively.

With the RSS fingerprinting based localization approach,
RSS fingerprints obtained from the training stage form a
sample space, based on which a user’s location in the physi-
cal space can be estimated. The location determination pro-
cess can be regarded as a mapping from the sample space to
the physical space. If outcomes of RSS measurements fall
into the event region E, then the localization system can cor-
rectly determine the location of the user to be in the d neigh-
borhood of Q; therefore, the localization reliability is equal
to the probability that outcomes of RSS measurements fall
into the event region E. By constructing a general radio
propagation model based on field observations of real local-
ization systems, probabilities for outcomes of RSS measure-
ments in a location can be presented, which turns out to be
following Gaussian distribution. Consequently, calculating
the localization reliability is to first find the event region E

in the RSS sample space, and then perform integration
over the region E for an Gaussian probability density
function (PDF).

Although utilizing a general radio propagation model,
the study in [13] is distinguishable from the model based
localization because the radio propagation model is not
used to derive geometric relationships between signal trans-
mitters and receivers, such as distance, time of arrival
(ToA), time difference of arrival (TDoA) or angle of arrival
(AoA) [1]. That is why the radio propagation model used
in [13] only assumes that the mean of RSS readings varies
with respect to locations but does not specify how the mean
will vary. This is in contrast to the LDPL model used in the
model based localization and CRB analysis [9], [10], [11],
[42], where the mean varies with respect to locations loga-
rithmically. Moreover, interesting findings about the shape
of the event region E are presented in [13], where skillful
mathematical techniques are demonstrated. We note that
efforts have been made to estimate the user’s location with
channel state information (CSI) [31], [32], [33]; however, this
vein of work is highly dependent on the device that pro-
vides the CSI [34]. In practice, the CSI is still not provided
by most if not all of manufacturers to the best of our
knowledge.

The localization techniques mentioned above are basi-
cally utilizing networking infrastructures that are dedicated
to communication instead of localization. A series work has
been done to study a new paradigm of wireless networks
considering not only communication but also contextual
information collection and navigation, which is known as
network localization and navigation [39]. Under such a par-
adigm, some interesting issues emerge such as the joint
optimization of localization and power allocation [40].
Wymeersch et al. present a systematical study of coopera-
tive localization algorithms and apply them to the ultrawide
bandwidth (UWB) wireless network [41].

Our study constructs a new radio propagation model
considering the temporal correlation of the RSS, which is
not taken into account in [13]. The later discussions are to
reveal that the boundary distinguishing one location from
another in the sample space is different from that shown
in [13], and the new boundary provides more accurate loca-
tion estimations. Compared with the pure theoretical analy-
sis presented in [13], we present experimental results to
validate our theoretical analysis.
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2.2 Temporal Information of RSS Utilized for
Localization

Kaemarungsi et al. study properties of the RSS for finger-
printing based localization using Wi-Fi [35]. Comprehensive
experiment results reveal two important features of the RSS:
First, the mean and variance of the RSS in one location basi-
cally remain the same over time; second, the auto-covariance
function of the RSS in one location has the same shape for
separate time-series. Based on such two observations, our
work in this paper models the RSS observed in one location
as a stationary process. Fang et al. propose a localization
approach based on the dynamic system and machine learn-
ing technique [6]. Such an approach estimates the user’s loca-
tion by the state consisting of RSSes observed in different
times and locations. However, the simple combination of
spatial and temporal information does not reveal the essence
how the temporal information can be utilized for localiza-
tion, where the RSS observed in different times can be con-
sidered asmultiplemeasurements of fingerprints.

Most of the current studies for utilizing temporal infor-
mation of the RSS for localization are in a machine-learning
based manner [5], [7], where the theoretical explanation
about how the temporal information can influence the per-
formance of the localization process is still unavailable. In
this paper, we initiate the theoretical study on this issue.

3 THEORETICAL MODEL OF LOCATION ESTIMATION

Consider an indoor space, which can be modeled as one or
two dimensional Cartesian space denoted by L � R or
L � R2, respectively. Examples of one dimensional model
include hallway and corridor. A user’s location in the physi-
cal space S can be denoted by~r ¼ r1 or~r ¼ ðr1; r2Þ with cor-
responding dimensions. Based on the localization database
constructed in the training phase, a sample space of finger-
prints can be induced, which is denoted by Vn and n is the
number of access points (APs) can be sensed in the physical
space. In the training phase, the site surveyor collects finger-
prints of APs in a one-by-one manner at a given location.
For an AP, the surveyor samples the observed RSS at certain
frequency. Consequently, if there are n APs and each AP is
sampled w times, then a point x in the RSS sample space is
as shown in the right part of Fig. 1, where xi;j means the
RSS observed with respect to APi at jth time point. We say
this is an n-dimensional sample space and the temporal
dimension of sampling is w.

As the radio propagation in the indoor environment is
influenced by many factors such as path loss, shadowing,

fading and multipath effect, the signal can be observed in a
location is usually modeled as a random process, which can
be denoted by

Xð~r;~tÞ ¼ Sð~rÞ þ sY ð~r;~tÞ; (1)

where ~r is the location of the observation and ~t represents
the vector of time points at which RSSes are observed. Sð~rÞ
is the trend model of the signal with respect to position~r in
the perspective of stochastic processes, s is the amplitude of
the randomness, and Y ð~r;~tÞ is the joint Gaussian distribu-
tion of temporal randomness at location~r.

This radio propagation model is generalized from the
LDPL radio propagation model, and enhanced with the
temporal domain characteristic. If a time point t is given,
the model degenerated into the radio propagation model in
[13], where the RSS can be modeled as a Gaussian random
variable with fading and multipath effects integrated into a
mean function such as Sð~rÞ. Such modeling is widely
adopted in the literature on indoor localization in the past
decade [1], [12], [17], [18], [19], [20], [21]. With the temporal
dimension considered in this paper, the RSS is modeled as a
Gaussian stochastic process, which is also verified by a
number of work in the literature [22], [23], [24], where and
the temporal correlation by the shadowing effect incurred
by the fixed building structure is modeled with sY ð~r;~tÞ.

According to extensive experimental results and theoreti-
cal analysis [36], [37], [38], the mean and variance of the RSS
in one location basically remain the same over time and the
auto-covariance function of the RSS in one location has the
same shape for separate time-series, such a random process
can be stationary and ergodic, with

Sð~r0Þ � Sð~rÞ þ5Sð~rÞð~r0 �~rÞ: (2)

In the localization phase, a user reports observed RSSes
to the localization server, which then estimates the corre-
sponding location by matching the reported fingerprints in
the fingerprints database. Such a process can be modeled as
a mapping from the sample space to the physical space

M : Vn ! L; ~r0 ¼ MðXð~r;~tÞÞ; (3)

where ~r0 is the estimated location of the user. This process is
illustrated in Fig. 1. The user’s actual location is at~r and the
estimated location is at ~r0, which incurs the localization error
denoted by~d.

Due to estimation errors, the result of the localization is
that the user’s location is estimated to be in the d

Fig. 1. Theoretical localization model.
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neighborhood of ~r, which is denoted by Q. To reduce the
error of localization is equivalent to mitigating the norm of
~d. Since the basis of the estimation is the reported fingerprint
by the user, the ideal case is that the user’s submitted finger-
prints happen to make the system believe that the location
of the user is in Q. We use E to denote such a region in the
sample space, so that the user’s location can be estimated to
be in Q as long as the reported RSSes fall in E.

The probability that the reported RSS fingerprints can fall
into the region of E depends on the model of radio signal
propagation, which in fact fundamentally determines the
performance of the RSS fingerprinting based approach. The
model proposed in [13] considers the observed RSS at one
location as a random variable, where temporal correlation
of the signal is not taken into account. According to the site
survey practice, it is more practical to model the signal as a
random process as in this paper, where the temporal corre-
lation can be leveraged.

Our investigation in this paper focuses on the influence
of temporal correlation of the RSS on performance of locali-
zation. We are to show that such a seemingly slight change
in the radio signal propagation modeling could help reveal
interesting findings of the RSS fingerprinting based
approach, which have never been presented; the corre-
sponding difficulties in mathematical analysis is definitely
non-trivial. It is worth mentioning that the body-shadowing
effect incurred by people’s mobility also could influence the
radio propagation in the indoor space [27], which is actually
an important research field with many efforts dedicated
[28], [29], [30]. The body-shadowing effect will be consid-
ered in our future work, since taking account of too many
factors will make the mathematical analysis untractable and
hinders revealing the insight.

4 ANALYSIS OF 2-D TEMPORAL CORRELATION

FOR 1-D LOCALIZATION

This section examines a concrete scenario of localization,
where both the physical space and the sample space are one
dimensional and the temporal dimension of sampling is
two. The purpose of the examination is to find how likely
the user can be localized in Q with given d. It is easier to
reveal essence of the fingerprinting approach by analyzing
a simple case, where the results could be inspiring for ana-
lyzing more complicated scenarios.

4.1 Finding Region E

Let us first find out what kind of RSSes can be observed at
the location ~r. The one-dimensional physical space can be
regarded as an one-dimensional horizontal axis, where the
origin of the axis is the location of the AP, and the location
of each point can be identified by a scalar r. Based on the
radio signal propagation model, the probability density
function of RSS readings can be observed follows the Multi-
variate Guassian Distribution

frðx1; x2Þ ¼ 1

2ps2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

p e�
1
2D

2
; (4)

where x1, x2 are variables representing the RSSes at time
points t1 and t2 separated by a duration of t as shown in

Fig. 2a. Since the random process representing the signal is
stationary, the following analysis is oblivious to the specific
value of t1 and t2 as long as they are separated by t. Symbols
m and s are the mean and standard variance of the RSS joint
distribution at position ~r, respectively; r is the autocorrela-
tion coefficient of frðx1; x2Þ. The Mahalanobis distance is
denoted as D, where

D2 ¼ 1

s2ð1� r2Þ ½ðx1 � mÞ2 þ ðx2 � mÞ2 � 2rðx1 � mÞðx2 � mÞ�:

(5)

Since x1 and x2 are both observed at r, the correspond-
ing marginal distributions with respect to x1 and x2 are
the same, according to our signal propagation model; the
corresponding means and standard variances of the two
marginal distributions are the same as well. This also
complies with the conclusion in [13]. Consequently, the
covariance matrix of frðx1; x2Þ is real, positive and sym-
metric, where

S ¼ s2 1 r

r 1

� �
: (6)

With the same reason, the major axis of the elliptical surface
representing frðx1; x2Þ should be the angular bisector of the
Cartesian coordinates with slope 1.

In order to facilitate our analysis, we put the image of
frðx1; x2Þ in a new coordinates system with axes y1 and y2.
We let the major axis of the elliptical surface align to y1 and
the origin of the new coordinates system be (mðrÞ;mðrÞ) in
the old system. Then the PDF in the new system is

frðy1; y2Þ ¼ 1

2ps2
ffiffiffiffiffiffiffiffiffiffi
�1�2

p e
� 1
2s2

ðy
2
1

�1
þy2

2
�2
Þ
; (7)

where

�1 ¼
ffiffiffi
2

p ð1þ rÞ
2

; �2 ¼
ffiffiffi
2

p ð1� rÞ
2

: (8)

We now start to find the region E in this scenario. Refer
to Fig. 2b, the value of frðy1; y2Þ in fact means how likely the
user can observe ½y1; y2� at location r. If the reported RSSes
½y1; y2� indicate that the user’s location is in a small neigh-
borhood of r, then frðy1; y2Þ should be higher than
fr�dðy1; y2Þ, where r� d are boundaries of r’s neighborhood
in the physical space. That is, if the user is localized in the

Fig. 2. Joint Gaussian PDF.
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neighborhood of r, the corresponding submitted finger-
prints should have fallen into the region

E ¼ fxjfrðyjmðrÞ;SðrÞÞ � fr�dðyjmðr� dÞ;Sðr� dÞÞg: (9)

The profile of E is sketched in Fig. 2b, which is the space
between the two regions in dark color. The two dark-
colored regions themselves represent boundaries of inter-
sected neighboring dome-like bodies. Observe marginal
PDFs with respect to x2 for the three locations r� d, r and
rþ d, which are presented by three Gaussian PDF curves on
the x2 � fðx1; x2Þ plane with means mðr� dÞ, mðrÞ and
mðrþ dÞ, respectively. It is worth mentioning that shapes of
the three curves are the same, which is determined by the
variance of Gaussian noise. This is because Gaussian noise
at different locations in a small neighborhood of the physi-
cal space are presenting indistinguishable randomness,
which have been acknowledged by extensive studies [13],
[35]. Due to symmetry of the dome-like bodies, the same
thing happens to the marginal PDFs with respect to x1.

If the temporal correlation of the RSS is not considered,
fingerprints can be observed at different time points with
respect to the same AP are independent at each location;
therefore, the randomness of the RSS can only be character-
ized in a 2-D curve of the marginal PDF as shown in Fig. 2b.
Using such randomness to evaluate the performance limit
of fingerprinting localization is the basic idea in [13].

Our work in this paper characterizes randomness of the
RSS with the dome-like bodies as shown in Fig. 2b, where
the temporal correlation of the signal is taken into account.
We can see that our model presents a more accurate
description of the randomness of the RSS, where a straight-
forward observation is the increase of a dimension. Such a
model of the RSS provides more distinguishable characteris-
tics of a location compared with that in [13], thus provides
criteria of finer-granularity for localization. This is the fun-
damental reason why the accuracy performance bound of
localization derived in [13] can be further improved if the
RSS temporal correlation is taken into account.

4.2 Analysis on Region E

Since the location estimation is performed based on finger-
prints reported by the user, studying properties of E can
help reveal how the system estimates the user’s location.
Intuitively, if we project the image in Fig. 2b onto the y1 � y2
coordinates system, the resulted image should be that as
shown in Fig. 3. The region in yellow should be the projec-
tion of the space E, and the two curves in yellow should be
boundaries of the region. Consequently, if a user’s reported

fingerprints fall into the area left to E, the user is more likely
at the location r� d; if the reported fingerprints fall into the
area right to E, the user is more likely at the location rþ d.
We are to reveal that the boundaries of E are in the shape of
hyperbolic curve with interesting properties, and then
reveal challenges for accurately describing the region E

with corresponding analysis provisioned.

4.2.1 Boundaries of Region E

Substituting Eq. (7) into Eq. (9), we obtain the following
inequality:

1ffiffiffiffiffiffiffiffiffiffi
�1�2

p e
� 1
2s2

ðy
2
1

�1
þy2

2
�2
Þ � 1ffiffiffiffiffiffiffiffiffiffiffiffi

��
1 �

�
2

p e
� 1
2s2

ððy1�
ffiffi
2

p
d5mÞ2

��
1

þ y2
2

��
2

Þ
; (10)

where �1; �2 are scaling factors of ellipse axes for Gaussian
PDF at position r, and ��

1 ; �
�
2 are scaling factors at adjacent

positions r� d. Specifically,

��
1 ¼

ffiffiffi
2

p ð1þ r�Þ
2

; ��
2 ¼

ffiffiffi
2

p ð1� r�Þ
2

: (11)

Symbols r; r� are the autocorrelation coefficients for the
Gaussian distribution at r and r� d, respectively. After sim-
plification, they are equivalent to

y2
1

�1
þ y2

2
�2

� �
� ðy1þ

ffiffi
2

p
d5mÞ2

�þ
1

þ y2
2

�þ
2

� �
	 ln �1�2

�þ
1
�þ
2

;

y21
�1
þ y22

�2

� �
� ðy1�

ffiffi
2

p
d5mÞ2

��
1

þ y22
��
2

� �
	 ln �1�2

��
1
��
2
;

8>>><
>>>:

(12)

which is the specific expression of E in the sample space.
The boundaries of E can be obtained when the equality
holds.

In order to better understand properties of the bound-
aries, we transform the expressions in inequalities (12) into
a general form

Ay21 þBy1y2 þ Cy22 þDy1 þ Ey2 þ F ¼ 0; (13)

where the discriminant D equals to

D ¼ B2 � 4AC; (14)

and A ¼ 1
�1
� 1

��
1

, C ¼ 1
�2
� 1

��
2

. Since B ¼ 0, AC < 0, then

D > 0. This means that the two boundaries of E are in the
shape of the hyperbolic curve, where the two foci are on
axis y1.

Note that if A ¼ C and B ¼ 0, both of the boundaries are
straight lines in parallel. A ¼ C and B ¼ 0 also mean that
�1 ¼ �2, �

�
1 ¼ ��

2 , which is to say that measurements with
respect to the same AP at different time points are totally
independent. This is a degenerated scenario without consid-
ering temporal correlation as shown in [13]. The resulted
straight-line boundaries are the same as corresponding
boundaries of E in [13]. This is actually corroborating our
current result about the shape of boundaries.

4.2.2 Accurate Description of E

Although we have a basic idea about boundaries of E, it is
still non-trivial to theoretically prove that the region E is the

Fig. 3. Graphical illustration of region E.
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same as the intuition as shown in Fig. 3. Imagine the
detailed scenario that two surfaces representing two joint
Gaussian PDFs are intersecting with each other. There are
actually two curves of intersection, as the two curves l1 and
l2 illustrated in Fig. 4. This can be mathematically proved
through simple derivation by constructing an equation
between the two joint Gaussian PDFs.

It is slightly tricky to understand Figs. 2b and 4. Projec-
tions of those domes on planes x1-fðx1; x2Þ and x2-fðx1; x2Þ
are the same in profile, because this is actually ignoring the
temporal correlation of the RSS. Mathematically, the covari-
ance matrix of frðx1; x2Þ becomes variance s2 as the autocor-
relation coefficient r ¼ 0. However, those joint Gaussian
PDFs factually have different autocorrelation coefficients
denoted by r and r�, as shown in Fig. 2b; therefore, if we
project those domes on the plane y1-fðx1; x2Þ, the resulted
image is just that illustrated in Fig. 4.

In the perspective of engineering, the system considers
that observing fingerprints around the l1 is with very low
probability if the user is at r, thus it is more meaningful to
consider the boundary represented by l2, in order to ensure
an expected localization reliability as high as possible. It is
worth mentioning that fingerprints such as those around l1
indeed can be observed in practice. In this case, the system
will estimate the location of the user is at r0, where
fr0 ðy1; y2Þ has a higher value, although the user is factually
at r. Such errors can not be avoided in the fingerprinting
based approach, since small probability events do happen.

We can see that the opening orientation of the boundaries
illustrated in Fig. 2b is to the left. Refer to equalities (11), (12)
and Fig. 3, if r� < r < rþ, the physical meaning of the
inequalities (12) is that: all points with the distance differen-
ces between r� d to r and r to rþ d are less than a constant.
The opening orientation is to the left, according to the defi-
nition of the hyperbola. If r� > r > rþ, the physical mean-
ing of the inequalities (12) is that: all points with the
distance differences between r to r� d and rþ d to r are less
than a constant. The opening orientation is to the right. For
convenience of presentation, we here abuse the coordinate
in the physical space and use the coordinate to represent
the corresponding RSS values in the y1 axis.

This means that the opening orientation of boundaries
are actually determined by the degree of temporal correla-
tion of the RSS at different locations. Moreover, no matter
the relationship among r and r�, the inequalities of (12)
show that E is in the middle of the two boundaries. As a
matter of fact, if we specifically consider the real situation
under study, it should be the case r� < r < rþ. Recall our
1-D physical model, where the AP is located at the origin of
an 1-D coordinate axis and r� d, r and rþ d are distance to

the AP. The farther the location is from the AP, the stronger
the temporal correlation of the observed RSS will be; conse-
quently, the orientations of the two boundaries should be to
the left as shown in Fig. 3.

4.3 Influence of Temporal Correlation on Accuracy
of Localization

We can further verify our theory by examining the expected
localization result given special fingerprints. The point
(� ffiffiffi

2
p

drm, 0) in Fig. 4 is special, which makes
fr�dð�

ffiffiffi
2

p
drm; 0Þ to achieve the maximum value. This

means that if a user reports fingerprints (� ffiffiffi
2

p
drm, 0), the

system definitely should estimate the user’s location to be at
r� d. Substituting (� ffiffiffi

2
p

drm, 0) into the first inequality of
(12), A natural consequence is supposed to be that the point
(� ffiffiffi

2
p

drm, 0) is definitely to the left of the left boundary of
E. However, we are surprised to find that it is possible for
the point (� ffiffiffi

2
p

drm, 0) to be within the region E. That is, the
point (� ffiffiffi

2
p

drm, 0) is to the right of the left boundary of E.
This can happen if we set d to be very small and the differ-
ence between r� and r to be very large. The grey curve
shown in Fig. 4 is the resulted boundary if we choose special
values of d and r. This event can lead to errors of location
estimation, because a user definitely should be localized at
r� d is in fact localized at r.

The root cause of the phenomenon is that the choice
of d and r in a theoretical perspective may not comply
with the real situation. In the real world, the temporal
correlation in a small neighborhood with respect to the
same AP should be varying smoothly. Consequently, if d
is small, the difference between r� and r is supposed to
be insignificant.

We now compare localization results yielded by consid-
ering and ignoring the temporal correlation of the RSS.
Recall the study in [13] ignores the temporal correlation of
the RSS. The region E in this case is the region between the
two dashed lines as shown in Fig. 4. Consider shadowed
areas B covered with solid lines. If the user’s reported fin-
gerprints fall into such areas, it means that the user sup-
posed to be localized at r is mistakenly localized at r� d, or
the user supposed to be localized at rþ d is mistakenly
localized at r. Similarly, consider the grey areas A. If the
user’s reported fingerprints fall into such areas, it means
that the user supposed to be localized at r� d is mistakenly
localized at r, or the user supposed to be localized at r is
mistakenly localized at rþ d. That is, considering temporal
correlation can improve the accuracy of location estimation
by providing more accurate criteria for making judgement.

5 ASYMPTOTIC EQUIVALENT REGION OF E IN

HIGH-DIMENSIONAL SCENARIOS

We extend our analysis to scenarios of high-dimensional
temporal correlation, sample space and physical space in
our conference version [14]; however, it is difficult to obtain
the exact information about the shape of E due to the high
dimension and complicated interrelation between the phys-
ical space and sample space. In this section, we try to find a
close-form description of E0 that is asymptotically equiva-
lent to E, so that a quantified understanding of E could be
provided.

Fig. 4. Intersection of two Gaussian PDFs.
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5.1 Approximate Matrix

The covariance matrix of the RSS at location~r is denoted by
Smð~rÞ. For the correlation coefficients, it is reasonable that

rið~r0Þ � rið~rÞ þ rrið~rÞð~r0 �~rÞ; (15)

because the correlation of the RSS is continuous, which has
been verified in our experiments to be presented in [15].
Then we have

We propose to use matrix �mð~rÞ to approximate Smð~rÞ,
as shown in

Suppose that the eigenvector of �mð~rÞ is u ¼ ½u1

u2 
 
 
um�, which satisfies that �mð~rÞu ¼ tð~rÞu. It is easy to

verify that vector uðkÞ ¼ ½1; ei2pk=m; ei2p2k=m; . . . ei2pðm�1Þk=m�
ð1 	 k 	 mÞ satisfies the equations and the corresponding
eigenvalue is

tm;kð~rÞ ¼ r0ð~rÞ þ
Xm�1

j¼1

ðrið~rÞ þ rm�ið~rÞÞei2pjk=m:

We note that tm;kð~rÞ is a real number since the coefficients of
complex conjugate pairs ei2pjk=m and ei2pjðm�kÞ=m are identi-
cal. For the eigenvalues at location ~r0, we have

tm;kð~r0Þ ¼ r0ð~r0Þ þ
Xm�1

j¼1

ðrið~r0Þ þ rm�ið~r0ÞÞei2pjk=m

¼ tm;kð~rÞ þ d cos u
Xm�1

j¼1

ðjrrið~rÞj þ jrrm�ið~rÞjÞei2pkj=m:

To simplify the notations, we use Dtm;k to representPm�1
j¼1 ðjrrið~rÞj þ jrrm�ið~rÞjÞei2pkj=m, thus tm;kð~r0Þ ¼ tm;kð~rÞ

þd cos uDtm;k.
We are to prove that using tm;kð~rÞ to approximate eigen-

values of Smð~rÞ could incur the approximation error con-
verging to zero asm goes to infinity.

5.2 Asymptotical Equivalence Analysis

We take another form of region E as following to facilitate
understanding:

Xm
i¼1

yi
2

�m;ið~rÞ �
ðy1 þ

ffiffiffi
2

p
dr cos uÞ2

�m;1ð~r0Þ
þ
Xm
i¼1

yi
2

�m;ið~r0Þ

" #
	 ln

jSð~rÞj
jSð~r0Þj ;

where u 2 ½0;p�. If we use eigenvalues of matrix �mð~r0Þ to
replace �ið~r0Þ, we could obtain the region E

0
characterized

by the following equation:

Xm
i¼1

yi
2

tn;ið~rÞ �
ðy1 þ

ffiffiffi
2

p
dr cos uÞ2

tm;1ð~r0Þ
þ
Xm
i¼1

yi
2

tm;ið~r0Þ

" #
	 ln

j�mð~rÞj
j�mð~r0Þj

:

Lemma 1. limm!1 j�mð~rÞ � Sð~rÞj2 ¼ 0, where j 
 j2 represents
the Hilbert-Schmidt Norm.

Proof.

�mð~rÞ � Sð~rÞ

¼

0 rm�1ð~rÞ rm�2ð~rÞ 
 
 
 r1ð~rÞ
rm�1ð~rÞ 0 rm�1ð~rÞ . .

.
r2ð~rÞ

rm�2ð~rÞ rm�1ð~rÞ 0 . .
. ..

.

..

. . .
. . .

.
rm�1ð~rÞ

r1ð~rÞ r2ð~rÞ 
 
 
 rm�1ð~rÞ 0

2
6666666664

3
7777777775
:

With the definition of Hilbert-Schmidt Norm,

jSð~rÞ ��nð~rÞj2 ¼ 2
Xn�1

i¼1

i
n r

2
i
ð~rÞ;

we will show that

lim
m!1

Xm�1

i¼1

i
m r2

i
ð~rÞ ¼ 0:

Smð~r0Þ ¼ Smð~rÞ þ d cos u

jrr0ð~rÞj jrr1ð~rÞj jrr2ð~rÞj 
 
 
 jrrm�1ð~rÞj
jrr1ð~rÞj jrr0ð~rÞj jrr1ð~rÞj . .

. jrrm�2ð~rÞj
jrr2ð~rÞj jrr1ð~rÞj . .

. . .
. ..

.

..

. . .
. . .

. . .
. jrr1ð~rÞj

jrrm�1ð~rÞj 
 
 
 jrr2ð~rÞj jrr1ð~rÞj jrr0ð~rÞj

2
66666664

3
77777775
: (16)

�mð~r0Þ ¼

r0ð~rÞ r1ð~rÞ þ rm�1ð~rÞ r2ð~rÞ þ rm�2ð~rÞ 
 
 
 r1ð~rÞ þ rm�1ð~rÞ
r1ð~rÞ þ rm�1ð~rÞ r0ð~rÞ r1ð~rÞ þ rm�1ð~rÞ . .

.
r2ð~rÞ þ rm�2ð~rÞ

r2ð~rÞ þ rm�2ð~rÞ r1ð~rÞ þ rm�1ð~rÞ r0ð~rÞ . .
. ..

.

..

. . .
. . .

.
r1ð~rÞ þ rm�1ð~rÞ

r1ð~rÞ þ rm�1ð~rÞ r2ð~rÞ þ rm�2ð~rÞ 
 
 
 r1ð~rÞ þ rm�1ð~rÞ r0ð~rÞ

2
66666664

3
77777775
: (17)

TIAN ETAL.: IMPROVE ACCURACYOF FINGERPRINTING LOCALIZATIONWITH TEMPORALCORRELATION OF THE RSS 119



By applying Abel Transformation to the equation above,
we obtain that

Xm�1

i¼1

i
m r2

i
ð~rÞ ¼ m� 1

m
Am�1 �

Xm�2

i¼1

1

m
Ai;

where Ai ¼
Pi

j¼1 r
2
j
ð~rÞ. Since the covariances are abso-

lutely summable with
P

i ri < 1, we use A to denote

the supremum of
P

r2
j
ð~rÞ, i.e., A ¼ sup

P
rj

2ð~rÞ. Conse-
quently, we can find N such that A > Ak > A� " holds

for all the k � N for any " > 0. Hence

A >
Xm�2

i¼1

1

m
Ai ¼ 1

m

XN�1

i¼1

Ai þ
Xm�2

i¼N

Ai

 !
>

m�N � 1

m
ðA� "Þ:

Notice that

lim
m!1

m�N � 1

m
ðA� "Þ ¼ A� ";

and thus have proven that for any " > 0, limm!1Pm�2
i¼1

1
mAi > A� ".

Combined with the fact that
Pm�2

i¼1
1
m Ai < A, we can

conclude that

lim
m!1

Xm�2

i¼1

1

m
Ai ¼ A ¼ lim

n!1
m� 1

m
Am�1:

The proof is completed. tu
Lemma 2 (Wielandt-Hoffman theorem [44]). Given two

Hermitian matrices A and B with eigenvalues ak and bk

respectively, and ak and bk are ordered such that
P

k jak � bkj2
is minimized, then

1

m

Xm
i¼1

ak � bkj j2 	 A�Bj j2:

We present the lemma for the purpose of self-complete-
ness. Without loss of generality, we can assume that tm;kð~rÞ
and �m;kð~rÞ are in the same order, otherwise we could rotate
the coordinate system to guarantee this property.

Lemma 3. For any given integer s, we have

lim
m!1

1

m

Xm
k¼1

ðts
m;k

ð~rÞ � �s
m;k

ð~rÞÞ ¼ 0:

Proof. Note that

1

m

Xm�1

k¼0

ts
m;k

ð~rÞ � �s
m;k

ð~rÞ
��� ���

1

m

Xm�1

k¼0

tm;kð~rÞ � �m;kð~rÞ
�� �� Xm�1

k¼0

tk
m;k

ð~rÞ�s�k�1
m;k

ð~rÞ
�����

�����
	 sLs�1

n

Xm�1

k¼0

tm;kð~rÞ � �m;kð~rÞ
�� ��

	 sLs�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

m

Xm
k¼1

tm;kð~rÞ � �m;kð~rÞ
�� ��2s

	 sLs�1 A�Bj j;

where L represents the upper bound of the eigenvalues,
obviously s and L are constants with respect to m. The
penult inequality is based on Cauchy-Schwarz Inequality
and the last inequality is based on Lemma 2. Then the
proof is completed. tu
With Weierstrass’ theorem, we know that there exists a

sequence of polynomials PtðxÞ such that limt!1 PtðxÞ ¼ 1
x.

For every fixed t, we know that limm!1 1
m

Pm
i¼1 Ptj

ðtm;ið r!ÞÞ � Ptð�m;ið r!ÞÞj ¼ 0 according to Lemma 3. Hence
combining the two equations above, we can obtain that

lim
m!1

1

m

Xm
i¼1

1

tm;i
� 1

�m;i

����
���� ¼ 0:

Theorem 1. The regionE
0
is asymptotical equivalent to regionE:

ð1Þ : lim
m!1

1

m

(Xm
i¼1

"
yi

2

�m;ið~rÞ

� yi
2

tm;ið~rÞ

#
�
Xm
i¼1

"
yi

2

�m;ið~r0Þ
� yi

2

tm;ið~r0Þ

#

�
"
ðy1 þ

ffiffiffi
2

p
dr cos uÞ2

�m;1ð~r0Þ
� ðy1 þ

ffiffiffi
2

p
dr cos uÞ2

tm;1ð~r0Þ

#)
¼ 0;

ð2Þ : lim
m!1

(
ln

jSð~rÞj 1m
jSð~r0Þj 1m

� ln
j�mð~rÞj

1
m

j�mð~r0Þj
1
m

)
¼ 0:

Proof. The RSS can be observed at each location is bounded,
hence y2i s and ðy1 þ

ffiffiffi
2

p
dr cos uÞ2 are bounded. Suppose

that their upper bound isM, then

1

m

Xm
i¼1

�
yi

2

�m;ið~rÞ �
yi

2

tm;ið~rÞ
�
�
Xm
i¼2

�
yi

2

�m;ið~r0Þ
� yi

2

tm;ið~r0Þ

�

�
� ðy1 þ ffiffiffi

2
p

dr cos uÞ2

�m;1ð~r0Þ
� ðy1 þ

ffiffiffi
2

p
dr cos uÞ2

tm;1ð~r0Þ

�
����������

����������
	 2M

m

Xm
i¼1

1

tm;kð~rÞ �
1

�m;kð~rÞ
����

����:
Combined with equation above Theorem 1, we know
that the first part of theorem holds. The proof of the sec-
ond part is similar. By using Weierstrass’ theorem again,
we know that there exists a sequence of polynomials
Qtðtm;kð~rÞÞ such that limt!1 Ptðtm;kð~rÞÞ ¼ ln tm;kð~rÞ. Com-
bined with Lemma 3, we have

lim
m!1

1

m

Xm
i¼1

ln tm;kð~rÞ � ln�m;kð~rÞ
�� �� ¼ 0:

Notice that

1

m

Xm
i¼1

ln tm;kð~rÞ � ln�m;kð~rÞ
�� �� � 1

m
ln

jSð~rÞj 1m
j�mð~rÞj

1
m

�����
�����;

which means that limm!1 1
m ln jSð~rÞj 1m � ln j�mð~rÞj

1
m

��� ��� ¼ 0.

With the same virtue, limm!1 1
m ln jSð~r0Þj 1m � ln j�mð~r0Þj

1
m

��� ��� ¼ 0.

Combining these two equations, the second part of this
theorem is proved. tu
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Fig. 5 provides the results of a brief numerical analysis of
Equations (1) and (2) in Theorem 1. It can be seen that the
two equations are being satisified as the value ofm increases.

Theorem 2. For any " > 0, when m > maxf4Nð"D2

4MÞM
D2A

" ;
Nð"D2 Þ
D" g,

the difference of the expressions of these two regions is at most
", where Nð"Þ is the convergence rate of the series

P1
i¼1 r

2
i ,

that is, 8k > ",
Pk

i¼1 r
2
i > A� "

2.

Proof. Since
P1

i¼1 r
2
i converges to A, then 8" > 0, there

exists an integer Nð"Þ > 0, such that 8k > Nð"Þ,
A 	 Ak ¼

Pk
i¼1 r

2
i > A� "

2. Then we have

Xm�1

i¼1

i

m
r2i ð r!Þ ¼ Am�1 �

Xm�1

i¼1

Ai

m
< A�

Xm�1

i¼Nð"Þ

Ai

m

< A� ðm�Nð"ÞÞA� "
2

m
¼ "

2
þNð"Þ

m
A� "

2

� 	
:

And ifm >
4Nð"D2

4MÞM
D2A

" , we have

1

m

Xm
i¼1

�
yi

2

�m;ið~rÞ �
yi

2

tm;ið~rÞ
�
�
Xm
i¼2

�
yi

2

�m;ið~r0Þ
� yi

2

tm;ið~r0Þ

�

�
�
ðy1þ

ffiffi
2

p
dr cos uÞ2

�m;1ð~r0Þ
� ðy1þ

ffiffi
2

p
dr cos uÞ2

tm;1ð~r0Þ

�
���������

���������
	 2M

m

Xm
i¼1

1

tm;kð~rÞ �
1

�m;kð~rÞ
����

���� 	 2M

D2

Xm�1

i¼1

i

m
r2i ð r!Þ

<
2M

D2

�
A�

�
m�N

�
"D2

4M

��
A� "D2

4M

m

�

¼ "

2
þNð"D2

4MÞ
m

�
2M

D2
A� "

2

�

<
"

2
þ Nð"D24MÞ

4Nð"D24MÞM
D2A

"

�
2M

D2
A� "

2

�

<
"

2
þ "

2
¼ ":

Moreover, ifm >
Nð"D2 Þ
D" , we have

1

m
ln

jSð~rÞj 1m
j�mð~rÞj

1
m

�����
����� 	 1

m

Xm
i¼1

ln tm;kð~rÞ � ln�m;kð~rÞ
�� ��

	 1

D

Xm�1

i¼1

i

m
r2i ð r!Þ 	 ":

Consequently, when m > max
n4Nð"D2

4MÞM
D2A

" ;
Nð"D2 Þ
D"

o
, the

difference of the expressions of these two regions is at

most ". tu

5.3 Boundaries of Region E
0

We define the Fourier Transformation of the covariance
series as

gðv;~rÞ ¼
X1
j¼�1

rjð~rÞei2pvj;�
1

2
< v 	 1

2
: (18)

According to Szego’s theorem [43], for an arbitrary continu-
ous function G, we have

lim
m!1

1

m

Xm�1

k¼0

Gðtm;kð~rÞÞ ¼
Z 1=2

�1=2

GðgðvÞ;~rÞdv: (19)

Let GðxÞ ¼ lnx, we can obtain the approximate expression
of the determinant of Sm

ln jSmð~rÞj1=m ¼ 1

m

X
ln tm;kð~rÞ �

Z 1=2

�1=2

ln gðv;~rÞdv: (20)

For the matrix Smð~r0Þ, the corresponding Fourier Transfor-
mation is

gðv; ~r0Þ ¼
X1
j¼�1

rjð~r0Þei2pvj

¼ gðv;~rÞ þ d cos u
X1
j¼�1

jrrjð~rÞjei2pvj;

� 1

2
< v 	 1

2
:

(21)

Similarly, we can use

m

Z 1=2

�1=2

ln½gðv;~rÞ þ d cos u
X1
j¼�1

jrrjð~rÞjei2pvj�dv; (22)

to estimate the term ln jSmð~r0Þj.
Notice that

@

ln jSmð~rÞj 1m
jSmð~r0Þj 1m
@u

¼ d sin u
P1

j¼�1 jrrjð~rÞjei2pvj
gðv;~rÞ þ d cos u

P1
j¼�1 jrrjð~rÞjei2pvj

¼ Oðd sin uÞ:
(23)

Since d is a bounded real number and j sin uj 	 1,

d ln jSmð~rÞj 1m
jSmð~r0Þj 1m
du

� 0: (24)

Moreover, @

h
ðy1þ

ffiffi
2

p
dr cos uÞ2

�ið~r0Þ
þ
Pm

i¼1
yi

2

�ið~r0Þ

i
@u

¼ sin u½hð cos uÞ � c�, where
hð
Þ is a monotone function with respect to cos u and c is a
positive number. Note that u 2 ½0;p�, thus there is at most
one root of function sin u½hð cos uÞ � c� in ½0;p�. We use u� to

denote this root; therefore, the minimum value of function
ðy1þ

ffiffi
2

p
dr cos uÞ2

�ið~r0Þ
þPn

i¼1
yi
2

�ið~r0Þ
is achieved under these three cases:

cos u ¼ �1, cos u ¼ 1 and cos u ¼ cos u�.
Consequently, the boundaries of the region E

0
can be

described by the following three hypersurfaces:

Fig. 5. Convergence rate.
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F1 :
Xn
t¼1

yi
2

tn;tð~rÞ �
� ðy1 �

ffiffiffi
2

p
drÞ2

tn;1ð~rÞ � dDtn;1

þ
Xn
t¼2

yi
2

tn;tð~rÞ � dDtn;t

�
	 ln

jSð~rÞj
jSð~r0Þj ;

(25)

F2 :
Xn
t¼1

yi
2

tn;tð~rÞ �
� ðy1 þ

ffiffiffi
2

p
drÞ2

tn;1ð~rÞ þ dDtn;1

þ
Xn
t¼2

yi
2

tn;tð~rÞ þ dDtn;t

�
	 ln

jSð~rÞj
jSð~r0Þj ;

(26)

F3 :
Xn
t¼1

yi
2

tn;tð~rÞ �
� ðy1 þ

ffiffiffi
2

p
d cos u�rÞ2

tn;1ð~rÞ þ d cos u�Dtn;1

þ
Xn
t¼2

yi
2

tn;tð~rÞ þ d cos u�Dtn;t

�
	 ln

jSð~rÞj
jSð~r0Þj :

(27)

6 LOCATION ESTIMATION FACILITATED BY

TEMPORAL CORRELATION

6.1 Feasibility of Utilizing Temporal Correlation

We first investigate whether location estimation could be
facilitated with the information of temporal correlation
in practice. We conduct experiments in a square indoor
space that is a around 40 m2. The square is divided into
grids with the edge length of 60 cm. Fig. 6 associates the
values of m and r with locations, where the horizontal
axis represents the indices of locations. We sort the loca-
tions according to the locally sampled values of m, and
the corresponding values of r are also plotted. It can be
seen that the values of r present distinct pattern com-
pared with m in each location. In fact, we calculate the
cross correlation between m and r, and the results
indicate that the two values are not related to each other.
The experiment results illustrated above indicate that the
temporal correlation information of the RSS provides a
diversified feature compared with the information of m.
The temporal correlation could be used to cross check
the result of location estimation. It is worth mentioning
that the values of r can be derived from the sampled
RSSes thus incur no extra overhead in the training phase.
The spatial distribution of m and r are illustrated
and analyzed, which could be found in our technical
report [15].

6.2 Localization Estimation Algorithm

The basic idea of the algorithm is that we first find a list of
candidate locations of the user with the mean value compar-
ison as most of the work in the literature does, and then find
the most likely location with the temporal correlation com-
parison. Algorithm 1 illustrates how to utilize temporal cor-
relation for better location estimation, which is in essence a
synthetic approach integrating the information of both the
mean value and the temporal correlation of the RSS.
Detailed methods for finding parameters m and r could be
found in our technical report [15].

Algorithm 1. Temporal Correlation for Location
Estimation

Input parameters:
The training data set for each location~r, xij (i ¼ 1 . . .n;
j ¼ 1 . . .w);
The reported RSS sequence tij (i ¼ 1 . . . a; j ¼ 1 . . . b) from a
user;
Indoor space L is a set of all the identified locations recorded in
the database;
Threshold Th is the critical value of choice for mean vectors.

1) For each location i in L, calculate the mean vector
mi ¼ ðm1;m2; . . . ;mmÞ, and the correlation vector
ri ¼ ðr1; r2; . . . ; rmÞ.

2) For the reported data tij from a user, also calculate the
target mean and correlation vectors as mt, rt.

3) Find the Euclidean distance between mt and every mi.
Find all the vectors mk among those mis, and the distance
between each mk and mt should be within Th in the sam-
ple space, i.e., jmi � mtÞj <¼ Th. The corresponding loca-
tions associated with those mks are denoted using a set
{lkmin}.

4) Compare the Euclidean distance between rt and ri in
{lkmin}. Find the vector that is nearest to rt. The nearest
distance in correlation sample space is the place we local-
ize the user at.

6.3 Choice of Design Parameters

Design parameters must be chosen before the algorithm
presented above can be appropriately utilized. We conduct
experiments to show how parameters such as the number
of temporal dimension, the sampling interval and number
of samplings could influence the value of r in a location. A
distinguishable value of r in a location is favored in the
localization process.

We calculate the temporal correlation coefficient r from
2-dimension to 280-dimension. The results are shown in
Fig. 7a. We can find that the value of r decreases as
the number of dimensions increases and then keeps

Fig. 6. Comparison of r and m.

Fig. 7. Experiments for choice of design parameters.
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comparatively flat. The value of r is at around 0 when the
number of dimensions goes beyond 100, which indicates
that it is meaningless to consider over-high dimensions. The
current value of RSS becomes almost irrelevant compared
with the values of RSS sampled long time ago. We can also
find that the number of dimensions 50 is a critical point,
after which the trend of r becomes flat. Consequently, we
recommend to utilize the information the temporal correla-
tion with the number of dimensions less then 50 in practice.

The effectiveness of the temporal correlation also
depends on the length of the interval that sequential RSS
samplings are performed. Fig. 7b shows the corresponding
values of r under different sampling intervals varying from
25 to 200 ms. It is straightforward that the values of r are
decreasing as the length of the interval increases, because
the longer the interval is the more unrelated the currently
sampled RSS value is from the previous ones. However,
over-short sampling interval is also unnecessary, since the
RSS readings may not change that fast and the observed val-
ues of the RSS are basically the same in this case. We choose
100 ms as the length of sampling interval, which is proved
to be appropriate in the experiments to be presented later.

After the number of dimensions and the sampling inter-
val are determined, we still need to decide the starting point
of the sampling in practice. This is because we could see
variance of r at the first amount of sampling intervals, as
shown in Fig. 7c. We need to retrieve those RSSes that yields
comparatively stable temporal correlation information. To
this end, we sample 2,000 RSS values in our system, since
the value of r tends to be stable after the 1,500th sampling
as shown in the sub-figure.

7 EXPERIMENTAL RESULTS

We conduct local experiments and use trace data experi-
ments to verify our model and show the performance of the
proposed localization algorithm, where the floor plans are
shown as in Fig. 8. Detailed descriptions of EVARILOS
testbed and the Zwijnaarde room could be found in [45],
[46], [47], [48]. We first provide experimental results to ver-
ify our modeling assumption, and then show the influence
of the temporal correlation property on the reliability and
accuracy of location estimation.

Verification of the Modeling Assumption. We did local
experiments to verify the modeling assumption in the con-
ference version [14]. We here use the trace data from EVAR-
ILOS testbed to further verify the Gaussian assumption. We
first filter out those unreliable measurements in the trace
data, where there is only 1 or 2 RSS readings recorded or all
the RSS readings are exactly the same. We observe the RSS
values in three locations (1,290, 1,980), (1,290, 1,270) and

(1,890, 1,270), which are with respect to the AP located at
(1,000, 1,712). We calculate the probability each value
appears and find that they are approximately to be Gauss-
ian distribution as shown in Fig. 9a, with skewness and kur-
tosis less than j0:5j and j3:3j respectively. The resulted joint
PDFs are as shown in Fig. 9b. The experimental results sup-
port our modeling assumption that the signal could be mod-
eled following Gaussian distribution.

Influence on Localization Reliability.We conduct local experi-
ments to examine whether the temporal correlation informa-
tion of the RSS could improve the reliability of fingerprinting
based localization in practice. We choose to use local experi-
ments because the distance among reference points in the
experiment can be controlled freely, which is important to
examine the reliability improvement when the error tolerance
metric is very small. In particular, we use the value ofm and r

with respect to different APs at each location as the local fin-
gerprints in the localization database. At each sampling loca-
tion, we collect totally 4,000 RSS fingerprints at the sampling
interval of 25 ms with respect to each Wi-Fi AP available. In
the localization phase, we sample totally 1,500 fingerprints at
the sampling interval of 25 ms, where the top 5 strongest fin-
gerprints are sampled. We compare the mean value of the
sampled fingerprints and those have been stored in the data-
base with the K-nearest neighbors (KNN) algorithm [3]. In
particular, we find sampled RSSes’ neighbors that are within
a thresholdTh in the sample space, andput the corresponding
associated locations on a list. For each location on the list, we
examine the corresponding values of r with that of the sam-
pled RSSes. The location with the most matched r will be
determined as the estimated location of the user.

We evaluate the localization performance by considering
both the accuracy and reliability. In the experiment, we first
set the error tolerance radius d, which means that any esti-
mated locations within the d neighborhood of the user’s
actual location can be regarded as a correct estimation. We
set different radius and randomly pick up 500 estimations
to evaluate the performance. With the results of localization,
we could find the probability that the user’s location is cor-
rectly estimated, which is termed as reliability.

The experiment results are illustrated in Fig. 10. The
radius is set to be 30, 60, 120 and 180 cm, respectively. In
each case, we increase the threshold Th from 0 to 5. Note that
the unit of the threshold is not important, as we consider the
normalized distance in the sample space. As shown in
Fig. 10, the localization reliability increases first and then
decreases as the threshold increases in all scenarios.

If the threshold is 0, the user’s location is basically esti-
mated using the mean of the RSSes; the information of the
temporal correlation is not utilized. If the threshold increases,
the system could cross check the candidate locations and find

Fig. 8. Floor plans of test fields.

Fig. 9. Modeling approach.
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the most matched one; therefore, the reliability is improved. If
the threshold is large enough, it means that more candidate
locations could be on the list. Since those locations are picked
up according to their corresponding fingerprints in the sam-
ple space, they may be far away from each other in the physi-
cal space. The observed temporal correlation information is
unable to effectively tell one location from another. The more
the candidate locations are, the higher probability that the
location is far from the APs, and the temporal correlation
becomes indistinguishable. That is why the reliability
becomes worse if the threshold is too large. More detailed
experiments data can be found in our technical report [15]. It
is shown that the reliability of the fingerprinting localization
could be improved by up to 13 percent if we choose the radius
of 0:3 m and the threshold of 1.

Influence on Localization Accuracy. With the trace data, we
use the location estimation scheme as shown in Algorithm 1

and the regular mean comparison algorithm to perform
localization respectively, in order to evaluate the influence
of temporal correlation information usage on the localiza-
tion accuracy. We compare the two location estimation
schemes under different AP selection schemes. With Stron-
gestAvg, the user measures APs with the strongest average
RSSes can be observed at the to-be-determined location in
the online phase. With StrongestMax, the user measures APs
with the strongest RSSes can be observed. With the Similar-
ity strategy, APs are first clustered according to the similar-
ity of their generated RSSes and the representative AP of
each cluster is then selected. How to compute the similarity
metric and how to select the representative AP in a cluster
are described in [12]. The algorithm for the BestStrategy is
shown in [13], [16]

After APs are selected, we could run algorithms for locali-
zation with and without taking temporal correlation into
account. The experiment results are shown in Fig. 11 and
detailed statistical results are tabulated in Table 1. In Fig. 11a,
the curve labeled with “StrongestMax” means the results
obtained with mean comparison and the APs used in the
online phase are selected with the StrongestMax method; the
curves labeledwith different values of the threshold Th repre-
sent the results obtained with the proposed location estima-
tion algorithm. The meanings of curves in other 3 sub-figures
could be understood by the analogy. It can be seen from
Table 1 that the overall performance of the localizationmecha-
nism considering temporal correlation of the RSS is better
than the regular mechanism under different AP selection
schemes, where choosing appropriate value of the threshold
is vitally important. In particular, when choosing appropriate
threshold, themaximum average error reduction is around 30
percent. It is worth noting that the accuracy improvement is
less significant if the more advanced AP selection scheme is
used, this is because the room for accuracy improvement is
reduced under such schemes.

8 CONCLUSION AND FUTURE WORK

In this paper, we have theoretically shown that the temp-
oral correlation of the RSS can further improve accuracy
of the fingerprinting localization. In particular, we have

Fig. 10. Reliability with different threshold Th and error tolerance radius.

Fig. 11. CDF of localization errors with different AP selection schemes.

TABLE 1
Experimental Results with EVARILOS Trace Data

Metric½m� StrgstMax Th ¼ 50 Th ¼ 140 Th ¼ 300

Avg.err 19.0 16.1 12.8 15.0
Min.err 4.0 3.8 3.6 3.5
Max.err 53.9 43.4 43.4 45.7
Med.err 19.0 15.7 12.2 14.0

Metric½m� StrgstAvg Th ¼ 100 Th ¼ 400 Th ¼ 700

Avg.err 24.1 21.9 16.3 18.6
Min.err 3.8 4.0 3.8 3.5
Max.err 55.0 54.0 40.2 40.2
Med.err 22.5 18.9 16.2 18.0

Metric½m� Similarity Th ¼ 9 Th ¼ 15 Th ¼ 50

Avg.err 7.1 6.0 5.7 7.8
Min.err 3.5 3.8 3.6 3.5
Max.err 54.0 41.1 41.1 41.1
Med.err 3.5 3.8 3.6 3.5

Metric½m� BestStrategy Th ¼ 9 Th ¼ 17 Th ¼ 50

Avg.err 6.4 6.4 5.8 9.5
Min.err 4.0 3.8 3.5 3.6
Max.err 28.1 28.1 28.1 31.5
Med.err 4.0 4.0 3.5 3.5
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constructed a theoretical framework to evaluate how the
temporal correlation of the RSS can influence reliability of
location estimation, which is based on a newly proposed
radio propagation model considering the time-varying
property of signals from Wi-Fi APs. The framework has
been applied to analyze localization in the one dimensional
physical space, which reveals the fundamental reason why
localization performance can be improvement by leveraging
temporal correlation of the RSS. We have extended our anal-
ysis to high-dimensional scenarios and mathematically
depict the boundaries in the RSS sample space, which dis-
tinguish one physical location from another. Moreover, we
have developed an algorithm to utilize temporal correlation
of the RSS to improve the location estimation accuracy,
where the process for choosing key design parameters are
provided through experiments. Experiment results show
that the localization reliability and accuracy can be
improved by up to 13 and 30 percent with appropriate
leveraging the RSS temporal correlation. Our future work
will investigate how the threshold in Algorithm 1 should be
set appropriately, and the influence of body-shadowing on
the capacity of the fingerprinting based localization system.
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